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A Lotka]Volterra periodic model with m-predators and n-preys is studied in
this paper. A set of easily verifiable sufficient conditions that guarantee the
existence, uniqueness and global attractivity of the positive periodic solutions is
obtained. Finally, a suitable example is given to illustrate that the conditions of the
main theorem are feasible. Q 1999 Academic Press
Key Words: period; Lotka]Volterra system; global attractivity.
1. INTRODUCTION
The Lotka]Volterra system is a rudimentary model on mathematical
w xecology and has been studied extensively in 1 . But most of the literature
requires that the coefficients of the system are constants. If we consider
the effects of the environmental factors, the assumption of periodicity of
Žparameters is realistic and important e.g., seasonal effects of weather,
.food supplies, mating habits etc. .
The asymptotic behavior of the Lotka]Volterra competition system with
Ž .periodic coefficients or almost periodic coefficients has been studied in
w x Ž .2]12 . Some sufficient conditions are obtained for the uniform persis-
tence, existence and uniqueness, and asymptotic stability of periodic solu-
Ž .tion or almost periodic solution for the Lotka]Volterra competition
system.
The two-species predator]prey nonautonomous Lotka]Volterra system
and the two-predator and one-prey periodic Lotka]Volterra system have
w x w xbeen investigated, respectively, in 13 and 14 . Similar results to the
Lotka]Volterra competition system have been obtained.
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The purpose of this paper is to study the asymptotic behavior of the
general periodic predator]prey Lotka]Volterra system. Moreover, the
competition among predator species and among prey species is simultane-
ously considered, i.e., we will investigate the following nonautonomous
predator]prey Lotka]Volterra system of differential equations
n m¡
x s x b t y a t x t y c t y t ,Ž . Ž . Ž . Ž . Ž .Ç Ý Ýi i i i k k ik k
ks1 ks1~ 1.1Ž .n m
y s y yr t q d t x t y e t y t ,Ž . Ž . Ž . Ž . Ž .Ç Ý Ýj j j jk k jk k¢
ks1 ks1
Ž . Ž .where x t denotes the density of prey species X at time t, y t denotesi i j
Ž . Ž . Ž .the density of predator species Y at time t, the functions b t , r t , a t ,j i j i j
Ž . Ž . Ž . Ž .c t , d t , e t i s 1, 2, . . . , n; j s 1, 2, . . . , m are continuous, non-i j i j i j
Ž .negative and periodic functions with a common period T ) 0, and b t ,i
Ž . Ž . Ž .a t , e t are strictly positive. When the system 1.1 is autonomous, i.e.,i i j j
Ž . Ž . Ž . Ž . Ž . Ž .when the functions b t , r t , a t , c t , d t , e t are positivei j i j i j i j i j
constants b , r , a , c , d , e , respectively, b is the intrinsic growth ratei j i j i j i j i j i
of prey species X , r is the death rate of the predator species Y , ai j j ik
measures the amount of competition between the prey species X and Xi k
Ž .k / i, i, k s 1, 2, . . . , n , e measures the amount of competition betweenjk
Ž .the predator species Y and Y k / j, j, k s 1, 2, . . . , m , and the constantj k
k J d rc denotes the coefficient in conversing prey species X into newi j i j i j i
Ž .individual of predator species Y i s 1, 2, . . . , n; j s 1, 2, . . . , m .j
The structure of this paper is as follows. In Section 2, we shall be
Ž .interested in the existence of the positive periodic solution of 1.1 . In
Section 3, the sufficient conditions about the uniqueness and global
Ž .attractivity of the periodic solution of 1.1 are obtained. Finally, a suitable
example is given to illustrate that the conditions of the main theorem are
feasible.
2. EXISTENCE OF A PERIODIC SOLUTION
Ž .We introduce the following notations: X s x , x , . . . , x , Y s1 2 n
Ž . Ž .y , y , . . . , y , F s X, Y . It is obvious that there exists a unique solu-1 2 m
Ž . Ž .tion of the system 1.1 corresponding to any initial value F8 s X8, Y8 g
Rnqm. Such a solution is denoted by
F t , F8 s X t , F8 , Y t , F8Ž . Ž . Ž .Ž .
s x t , F8 , . . . , x t , F8 , y t , F8 , . . . , y t , F8 ,Ž . Ž . Ž . Ž .Ž .1 n 1 m
F 0, F8 s F8, t ) 0Ž .
LOTKA]VOLTERRA SYSTEM 223
LEMMA 1. Both the positi¤e and nonnegati¤e cones of Rnqm are in¤ariant
Ž .with respect to 1.1 .
Proof. Since
n m
t
x t s x 0 exp b s y a s x s y c s y s ds ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý ÝHi i i i k k ik k½ 50 ks1 ks1
i s 1, 2, . . . , n ,Ž .
n m
t
y t s y 0 exp yr s q d s x s y e s y s ds ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý ÝHj j j jk k jk k½ 50 ks1 ks1
j s 1, 2, . . . , m ,Ž .
w .the assertion of the lemma follows immediately for all t g 0, q‘ .
Ž .We introduce the following notations. If f t is a continuous T-periodic
w .function defined on 0, q‘ , we set
f L s min f t , f M s max f t .Ž . Ž .
t t
Moreover, we set
M nb 1i M Lp s , q s d p y r ,Ýi j jk k jL L ž /a eii j j ks1
n m1
L M Ma s b y a p y c q ,Ý Ýi i i k k ik kM ž /aii k/i ks1
n m1
M M Mb s yr q d a y e qÝ Ýj j jk k jk kMe ž /j j ks1 ks1
k/j
i s 1, 2, . . . , n; j s 1, 2, . . . , m .Ž .
It is obvious that if q ) 0, then a - p ; and if q ) 0, a ) 0, thenj i i j i
Ž .b - q i s 1, 2, . . . , n; j s 1, 2, . . . , m . So, from now on, we only supposej j
Ž .that q ) 0 j s 1, 2, . . . , m .j
Ž .It follows from lemma 1 that any solution of 1.1 which has a nonnega-
tive initial condition remains nonnegative.
Ž . Ž M L .From 1.1 , we have x F x b y a x . So, ifÇi i i i i i
b Mi
0 - x 0 F s pŽ .i iLaii
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holds, we have
x t F p i s 1, 2, . . . , n . 2.1Ž . Ž . Ž .i i
Ž . Ž L n M L .From 1.1 , we have also y F y yr q Ý d p y e y . Hence, ifÇj j j ks1 jk k j j j
n1
L M0 - y 0 F yr q d p s q ,Ž . Ýj j jk k jL ž /ej j ks1
then we get
y t F q j s 1, 2, . . . , m . 2.2Ž . Ž . Ž .j j
Ž . Ž . Ž .Now 1.1 , 2.1 and 2.2 lead to
n m
L M M Mx G x b y a p y c q y a x .Ç Ý Ýi i i i k k ik k i i iž /ks1 ks1
k/i
Furthermore, it implies that if
n m1
L M Mx 0 ) b y a p y c q s a ,Ž . Ý Ýi i i k k ik k iMa ž /i i ks1 ks1
k/i
we have
x t G a i s 1, 2, . . . , n . 2.3Ž . Ž . Ž .i i
Ž . Ž .If a ) 0, then from 1.1 and 2.3 , we havei
n m
M L M My G y yr q d a y e q y e y .Ç Ý Ýj j j jk k jk k j j jž /ks1 ks1
k/j
Therefore, if
n m1
M L My 0 G yr q d a y e q s bŽ . Ý Ýj j jk k jk k jMe ž /j j ks1 ks1
k/j
holds, we obtain
y t G b j s 1, 2, . . . , m . 2.4Ž . Ž . Ž .i j
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If a ) 0, b ) 0, q ) 0, it is obvious thati j j
0 - a - p i s 1, 2, . . . , n ,Ž .i i
0 - b - q j s 1, 2, . . . , m .Ž .j j
LEMMA 2. Let
S s F s X , Y g Rnqm, a F x F p i s 1, 2, . . . , n ,Ž . Ž . q i i i
b F y F q j s 1, 2, . . . , m .Ž . 4j j j
Ž .Then S is in¤ariant with respect to 1.1 .
We can define a shift operator. It is also known as a Poincare map s :Â
Rnqm “ Rnqm by
s F8 s F T , F8 , F8 g Rnqm .Ž . Ž .
Ž . Ž .If s has a fixed point F X8, Y8 , then 1.1 has a T-periodic solution
Ž . Ž .F T s F 0 s F8.
The following theorem is important and useful to us.
Ž .THEOREM Brouwer . Suppose that a continuous operator s maps a
nclosed bounded con¤ex set V ; R into itself. Then V contains at least one
fixed point of the operator s , i.e., a point x* such that
s x* s x*, x* s xU , . . . , xU .Ž . Ž .1 n
The following theorem is one of the main results.
Ž .THEOREM 1. If the coefficients of the system 1.1 satisfy that q ) 0,j
Ž . Ž .a ) 0 and b ) 0 i s 1, 2, . . . , n; j s 1, 2, . . . , m , then 1.1 has at leasti j
one strictly positi¤e T-periodic solution.
Proof. From lemma 2, the operator s defined above map S into itself,
Ž . Ž .i.e., s S ; S. Because the solution of 1.1 is continuous with respect to
the initial value, the operator s is continuous. It can also be seen that S is
a bounded closed convex set in Rnqm. By Brouwer's theorem, s has aq
fixed point in S. Consequently, there exists at least one strictly positive
periodic solution. That the solution is strictly positive is assured by the
invariance of the region S.
Ž . Ž Ž . Ž . Ž . Ž .. nqmSuppose G t s u t , . . . , u t , ¤ t , . . . , ¤ t g R is a strictly1 n 1 m q
Ž .positive T-periodic solution of 1.1 as described in theorem 1; we have the
following corollary.
Ž . Ž . ŽCOROLLARY 2.1. Setting u t , ¤ t , p , a , q , b i s 1, 2, . . . , n; j si j i i j j
.1, 2, . . . , m be defined as abo¤e, then
a F u t F p i s 1, 2, . . . , n ,Ž . Ž .i i i
b F ¤ t F q j s 1, 2, . . . , m .Ž . Ž .j j j
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3. UNIQUENESS AND GLOBAL ATTRACTIVITY OF THE
PERIODIC SOLUTION
Ž . Ž Ž . Ž . Ž . Ž .. nqmSuppose G t s u t , . . . , u t , ¤ t , . . . , ¤ t g R is a strictly1 n 1 m q
Ž .positive periodic solution of 1.1 as described in theorem 1.
Ž .DEFINITION. The periodic solution G t is said to be globally attractiv-
Ž . Ž Ž . Ž . Ž . Ž .. Ž .ity iff every other solution F t s x t , . . . , x t , y t , . . . , y t of 1.11 n 1 m
Ž .with F 0 ) 0 is defined for all t G 0 and satisfies
lim u t y x t s 0 i s 1, 2, . . . , n ,Ž . Ž . Ž .i i
t“‘
and
lim ¤ t y y t s 0 j s 1, 2, . . . , m .Ž . Ž . Ž .j j
t“‘
Ž .THEOREM 2. If the coefficients of 1.1 satisfy the following conditions
A q ) 0, a ) 0 and b ) 0Ž . j i j
i s 1, 2, . . . , n; j s 1, 2, . . . , m 3.1Ž . Ž .
n m¡
a t ) a t q d t i s 1, 2, . . . , n ,Ž . Ž . Ž . Ž .Ý Ýi i k i k i
ks1 ks1
k/i~B 3.2Ž . Ž .n m
c t ) c t q e t j s 1, 2, . . . , m ,Ž . Ž . Ž . Ž .Ý Ýj j k j k j
ks1 ks1¢
k/j
Ž .then there exists a unique strictly positi¤e periodic solution of the system 1.1
which is globally attracting.
Ž . Ž Ž . Ž . Ž . Ž .. nqmProof. Let G t s u t , . . . , u t , ¤ t , . . . , ¤ t g R be a1 n 1 m q
Ž .strictly positive periodic solution as described above, and let F t s
Ž Ž . Ž . Ž . Ž .. nqm Ž .x t , . . . , x t , y t , . . . , y t g R be any solution of 1.1 with1 n 1 m q
Ž . Ž .F 0 ) 0. Since solutions of 1.1 remain nonnegative, we can let
U t s log u t , X t s log x t i s 1, 2, . . . , n ,Ž . Ž . Ž . Ž . Ž .i i i i
Ž .and 3.3
V t s log ¤ t , Y t s log y t j s 1, 2, . . . , m .Ž . Ž . Ž . Ž . Ž .j j j j
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Ž . Ž .It follows from 3.3 and 1.1 that for t ) 0,
d
U t y X tŽ . Ž .i idt
n m
U Ž t . X Ž t . V Ž t . Y Ž t .k k k kw x w xs y a t e y e y c t e y eŽ . Ž .Ý Ýi k ik
ks1 ks1
i s 1, 2, . . . , n ,Ž .
d
V t y Y tŽ . Ž .j jdt
n m
U Ž t . X Ž t . V Ž t . Y Ž t .k k k kw x w xs y d t e y e y e t e y eŽ . Ž .Ý Ýjk jk
ks1 ks1
j s 1, 2, . . . , m . 3.4Ž . Ž .
Ž .From 3.2 ,
n m
a t y a t y d t ) 0 i s 1, 2, . . . , n ,Ž . Ž . Ž . Ž .Ý Ýi i k i k i
ks1 ks1
k/i
n m
c t y c t y e t ) 0 j s 1, 2, . . . , m .Ž . Ž . Ž . Ž .Ý Ýj j k j k j
ks1 ks1
k/j
Let
n m
a s min a t y a t y d t ,Ž . Ž . Ž .Ý Ýi i k i k i½t ks1 ks1
k/i
n m
c t y c t y e tŽ . Ž . Ž .Ý Ýj j k j k j
ks1 ks1
k/j
i s 1, 2, . . . , n; j s 1, 2, . . . , m ) 0.Ž . 5
Then
n m
a t y d t y a t F ya i s 1, 2, . . . , n ,Ž . Ž . Ž . Ž .Ý Ýk i k i i i
ks1 ks1
k/i
n m
c t q e t c t F ya j s 1, 2, . . . , m .Ž . Ž . Ž . Ž .Ý Ýk j k j j j
ks1 ks1
k/j
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Ž .Consider a Lyapunov function L t defined by
n m
L t s U t y X t q V t y Y t , t ) 0. 3.5Ž . Ž . Ž . Ž . Ž . Ž .Ý Ýi i j j
is1 js1
q Ž . Ž .Calculating the upper right derivative D L t of L t along the solutions
Ž .of 3.4 , we get
n m
q qD L t s D U t y X t q V t y Y tŽ . Ž . Ž . Ž . Ž .Ý Ýi i j j
is1 js1
n m
q qF D U t y X t q D V t y Y tŽ . Ž . Ž . Ž .Ý Ýi i j j
is1 js1
n U t y X tŽ . Ž .i i X Xs U t y X tŽ . Ž .Ý i iU t y X tŽ . Ž .i iis1
m V t y Y tŽ . Ž .j j X Xq V t y Y tŽ . Ž .Ý j jV t y Y tŽ . Ž .j jjs1
n n m
U Ž t . X Ž t .i iF a t q d t y a t e y eŽ . Ž . Ž .Ý Ý Ýk i k i i i
is1 ks1 ks1
k/i
m n m
V Ž t . Y Ž t .j jq c t q e t y c t e y eŽ . Ž . Ž .Ý Ý Ýk j k j j j
js1 ks1 ks1
k/j
n m
F ya u t y x t q ¤ t y y t . 3.6Ž . Ž . Ž . Ž . Ž .Ý Ýi i j j
is1 js1
The last but one inequality is justified in the Appendix.
Ž .An integration of 3.6 leads to
n m
t
L t q a u s y x s q ¤ s y y s dsŽ . Ž . Ž . Ž . Ž .Ý ÝH i i j j
0 is1 js1
- L 0 - q‘. 3.7Ž . Ž .
Therefore
n m
t
lim sup u s y x s q ¤ s y y s dsŽ . Ž . Ž . Ž .Ý ÝH i i j j
0t“‘ is1 js1
L 0Ž .
- - q‘.
a
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Hence
lim u t y x t s 0 i s 1, 2, . . . , n ,Ž . Ž . Ž .i i
t“‘
and
lim ¤ t y y t s 0 j s 1, 2, . . . , m .Ž . Ž . Ž .j j
t“‘
This completes the proof of Theorem 2.
Finally, we give a suitable example to illustrate the feasibility of the
conditions of the main theorem.
EXAMPLE. We consider the following system
¡ 2 q sin t
x s x 5 q sin t y 13 q cos t x y xŽ . Ž .Ç1 1 1 22
2 q cos t
y 5 q cos t y y yŽ . 1 240
2 q sin t
x s x 5 y cos t y x y 13 q cos t xŽ . Ž .Ç2 2 2 22
2 q cos t
y y y 5 q cos t yŽ .1 240~ 3.8Ž .2 q sin t 3 q sin t
y s y y q x q 2 y cos t xŽ .Ç1 1 1 2100 4
2 q sin t
y 5 y sin t y y yŽ . 1 250
2 y cos t 3 q sin t
y s y y q 2 y cos t x q xŽ .Ç2 2 1 2100 4
2 q sin t
y y y 5 y sin t y .Ž .1 2¢ 50
Ž .It is easy to verify that the Lotka]Volterra system 3.8 satisfies the
Ž .assumptions of theorem 2. Using theorem 2, we know that system 3.8 has
a unique 2p-periodic solution with strictly positive components which is
Ž . Ž .globally attracting. The example implies that the conditions 3.1 and 3.2
Ž .on the coefficients of system 1.1 are compatible with each other.
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APPENDIX
Let
U t y X tŽ . Ž .i i s « i s 1, 2, . . . , n ,Ž .iU t y X tŽ . Ž .i i
and
V t y Y tŽ . Ž .j j s d j s 1, 2, . . . , m .Ž .jV t y Y tŽ . Ž .j j
It is obvious that « s "1, d s "1.i j
We shall first prove
n m
U Ž t . X Ž t .i iw xy « a t q d d t e y eŽ . Ž .Ý Ýk k i k k i
ks1 ks1
n m
U Ž t . X Ž t .i iF a t q d t y a t e y e . A1Ž . Ž . Ž . Ž .Ý Ýk i k i i i
ks1 ks1
k/i
Ž . Ž . Ž . UiŽ t . X iŽ t .i If U t ) X t , then « s 1, e y e ) 0, andi i i
n m
U Ž t . X Ž t .i iw xy « a t q d d t e y eŽ . Ž .Ý Ýk k i k k i
ks1 ks1
n m
U Ž t . X Ž t .i iw xs ya t q y« a t q d d t e y eŽ . Ž . Ž . Ž .Ý Ýi i k k i k k i
ks1 ks1
k/i
n m
U Ž t . X Ž t .i iw xF ya t q a t q d t e y eŽ . Ž . Ž .Ý Ýi i k i k i
ks1 ks1
k/i
n M
U Ž t . X Ž t .i is ya t q a t q d t e y e .Ž . Ž . Ž .Ý Ýi i k i k i
ks1 ks1
k/i
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Ž . Ž . Ž . UiŽ t . X iŽT .ii If U t - X t , then « s y1, e y e - 0, andi i i
n m
U Ž t . X Ž t .i iw xy « a t q d d t e y eŽ . Ž .Ý Ýk k i k k i
ks1 ks1
n m
U Ž t . X Ž t .i iw xs a t q y« a t q d d t e y eŽ . Ž . Ž . Ž .Ý Ýi i k k i k k i
ks1 ks1
k/i
n m
U Ž t . X Ž t .i iw xF a t y a t y d t e y eŽ . Ž . Ž .Ý Ýi i k i k i
ks1 ks1
k/i
n m
U Ž t . X Ž t .i is a t q d t y a t e y e .Ž . Ž . Ž .Ý Ýk i k i i i
ks1 ks1
k/i
Similarly, we get
n m
V Ž t . Y Ž t .j jw xy « c t q d e t e y eŽ . Ž .Ý Ýk k j k k j
ks1 ks1
n m
V Ž t . Y Ž t .j jF c t q e t y c t e y e . A2Ž . Ž . Ž . Ž .Ý Ýk j k j j j
ks1 ks1
k/j
Ž .From 3.4 , we know that
n m
X X X XqD L t s « U t y X t q d V t y Y tŽ . Ž . Ž . Ž . Ž .Ý Ýi i i j j j
is1 js1
n n
U Ž t . X Ž t .k kw xs « y a t e y eŽ .Ý Ýi i k½
is1 ks1
m
V Ž t . Y Ž t .k kw xy c t e y eŽ .Ý i k 5
ks1
m n
U Ž t . X Ž t .k kw xq d y d t e y eŽ .Ý Ýi jk½
js1 ks1
m
V Ž t . Y Ž t .k kw xy e t e y eŽ .Ý jk 5
ks1
n n m
U Ž t . X Ž t .i iw xs y « a t q d d t e y eŽ . Ž .Ý Ý Ýk k i k k i
is1 ks1 ks1
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m n m
V Ž t . Y Ž t .j jw xq y « c t y d e t e y e A3Ž . Ž . Ž .Ý Ý Ýk k j k k j
js1 ks1 ks1
Ž . Ž . Ž .From A1 to A3 , we see that the last but one inequality in 3.6 holds.
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